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Ob OBOBIIEHHUH TEOPEMBI J2KOHCA

M. 1. Maasbix
(kagedpa mamemamuru)

E-mail: malykham@mtu-net.ru

PaccmoTpeHa CBI3b MeKIy TOMOJIOTHENH 00/1aCTH, B KOTOPOIi MOCTaBJIeHa KpaeBas 3aJaya
IJs ypaBHeHuss AV + Av =f, U TomoJorueii cCooTBeTCTBy0OIEero npocrpanctea CoGoseBa.
Hano o6o0uieHne teopembl [[3KoHCAa B HampaBieHHM ee cONUKeHUs C Teopemoil Beitnsi—

¢on Heiimana.

Psin npo6sieM, BO3HHKAWOUIUX TPU PaCCMOTPeHHUH
KpaeBbIX 337124 B HEKOMMAKTHBIX 00/1aCTsX, CBSI3aH CO
caenyomnm obcrosiTebeTBOM. Mecaenosate pasperin-
MOCTb CKaJSIpHOM 3ajlaud B KOMNAKTHOH 06JacTH yna-
eTcsi jerko 6Jaromapsi BBegeHHio npoctpaHcTa Cobo-
neBa. [lpu BBeneHUn NMOHSATHS 000OIIEHHOTO peLIeHHS
nocjenHee nepectaeT ObITh (yHKIHeH Ha X, WHBIMH
cJoBaMHu, 3a0bIBaeTCs TOMOJIOTHSI TIpocTpaHcTtBa X,
HO TIpY 3TOM MeXAy 00beKTaMH, HMeIOMINMH CMBbIC

o
B Tonosiornn W1(X), n o6bekTamu, HMEOWEMH CMBIC]
B Tonosorun R", nMeeTcs yckoJsb3awoulasi OpH TaKOM
NOJAXO[e CBS3b.

O6paTnMcst K BaxKHeHIIeMY pe3yJbTaTy TE€OPHH BOJI-
HOBOMOB ¥ pynopoB — Teopeme [[>konca [1] o cyiue-
CTBEHHOM CIIeKTpe.

Paccmotprm 3anauy uprxije 06 OTBHICKAHUM (DYHK-
LHMH U, YAOBJETBOPSIIOLIeH YCI0BUSM

Av+Agv=f B X, )
vlgx =0
npu HOaHHBIX objacTh X  eBKJAWAOBA 71-MepPHOTO
NPOCTPAHCTBA, BELIECTBEHHOU KYCOUHO-HEeNpPepbIBHON

(DyHKIMH ¢, PaBHOH eNMHHIE BHE HEKOTOPOTO KOM-
NaKTa, U BeLIeCTBEHHOTO MJIM KOMIJIEKCHOTO YHCJIa .

o]
B npocrpancrse Coonesa Wi(X) sty 3amady MOKHO
3amucarth Tak:
v— Mo =HF,
rme A u H — orpaHudeHHBle OMEPaTOpPbl, MOPOXKAEH-
Hble OUJIMHERHBIMU (DOpMaMu

Jq(x)dx vw* wu Ja’wi*
X X
COOTBETCTBEHHO.

M3 HecKkoJbKHX TOUTH BCerja 3KBHBAJEHTHBIX
ompejesieHHEl CHeKTPaJbHbIX XapaKTepUCTHK Orepa-
TOpa npuMeM caenyiomde. PesonbBeHta R(A,\) =
= (E — M)~ orpannuennoro omepatopa A spisercs
rosioMopQHoO# omnepatop-pyHKIHeH B HEKOTOPOH OT-
KPBITOH 00/1aCTH MJOCKOCTH A, COBOKYIHOCTb BCEX
0COObIX TOYeK HasbBalOT crnekTpoM A u nmumyt o(A);
CreKTpoM 3ajauu JlupuxJe Ha3blBAIOT CIEKTP COOTBET-
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crBytonero oneparopa A. Ilpu atom ecan oneparop A
camoconpsikeHHbIH, T0 0(A) C R. Cpenn ocobblx ToUeK
pe30JIbBEHTHl BBIAEJNUM I0JI0ca: 0cobasi ToUKa A = g
Ha3blBaeTCsl MOJIIOCOM Pe30JbBEHTHI, Cld B HEKOTOPOU
NPOKOJIOTOM OKPEeCTHOCTH 3TOM TOYKH pe30JbBeHTa
MpeicTaBUMa B BHJIE

(E—-)A)~! =
=Py =20) "N+ +PIA=20) T ) QA= A0)",
n=0

rie P, — HeKoTOopble KOHEYHOMepHble OTepaTophl,
a @, — HekoTopble orpaHWYeHHble orepaTopsl. [lpu
3TOM, Kak 00blUHO, N Ha3bIBalOT MOPSAKOM MOJHOCA,
a P, — Boiuertom. [Ipoune oco6eHHOCTH HA3BIBAIOT CY-
IECTBEHHBIMH, a UX COBOKYMHOCTh — CYILECTBEHHBIM
CTIEKTPOM U 0003HAUAIOT KaK 0ess(A).

Teopemy JIxkoHca MOXKHO c(hOPMYJHPOBAThL Tak: dge
3adauu suoa (1), paccmampusaemovie coomsemcmaen-
Ho 6 obracmax X = Xy u X = Xo, umerom o00um
U mom Jce Cyuiecmeenmulil cnekmp, ecau obaacmu
X1 u Xy cosnadarom 6He HEKOMOpPO20 KOMRAKMQ
u X1 — Kouyc uau yusurndp. Huxke MBI T0oKakeMm ee
060011eHHe.

Teopewma | (o606iienue Teopembl [xkomnca). Cy-
UiecmeerHble CneKmpol Onepamopos, NnopoNOeHHbLX
OusUHeliHbIMU opmamu

J q(x)dxvw* u J q(x)dxvw*
Xl X2

o o
8 W;(Xl) u W;(Xg) COOMBEMCmMBenHo, cosnaoa-
tom, ecau camu obracmu X, u X9 cosnadarom ére
Hekomopoeo komnakma 6 R" eue 3asucumocmu om
popmol camux obracmet.

Bonee passepuyto. Ilycts nBe obsactu X; u Xo
npUHaAJexaT npocTpanctBy R' wu coBnamaiT B 006-
gactu U, rtakoit, uto Z; = X; —U — KOMIakTHble
3aMKHyTble oOjactu. Ha kaxpom mnpocTtpaHcTBe X;

o]
3a/laH KO-Ty4oK W%(Xi) u orepatop A; Kak

. _ * vy,
(w’A‘U)x?V;(X[) Ja’xw v VouweWsiyX)).

i
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Orciona $ICHO, 4TO CyXeHHSl 3THX ONepaTopoB

[e]
Ha W%(U) coBnanatt. O6061ieHHe Teopembl [[»KoHca
YTBEPXKIAET, UTO

Oess (A 1 ) = Oess (AQ) .

DTy TeopeMy MOXHO TaKXXe pacCMaTpUBaTh Kak
BapuaHT Teopembl M. I1I. Bupmana [2], rogHbill 115t 06-
Jactell ¢ kakodl yrogHo rpanuned. [lociennee o6cTos-
TeJIbCTBO 0COOEHHO BaXKHO [1J151 NPUJIOKEHUH, MOCKOJIb-
Ky B pafudo(U3MKe YacTO HCHOJb3YIOTCS BOJHOBOJBI
C HerJIaJKoW, Hampumep ro(ppUPOBAHHOH, TpPaHHULEH.
O6o611enne TeopeMbl J[)KOHCA HWMeeT OueHb TMPOCTOH
(PU3HUUECKHE CMBIC/: MHOXKECTBO 4acTOT, MPH KOTOPBIX
9HepTrHsi PaCnpoOCTPAHSETCs TI0 BOJTHOBOLY, HE MeHsIeTC s
MpH JI0OBIX JIOKaJbHBIX H3MEeHEHHSIX BOJHOBONA, OyIb
TO PACTsi2KEHH$l, BBeleHHe aHTEHH MJIH YTOJKOB.

[Ipu takom npourteHun Teopema J2koHca sIBJsieTCS
pasButueM Teopembl I'. Beitnsg u k. (pon Helimana:

Teopema 2 (H. Weyl, J. von Neumann). [Jas
moeo umobslL cyujecmaernvle cnekmpol 08Yx 02paru-
YEHMbLX camoconpaxcertolx onepamopos A € £(91)
u Ag € £($9) cosnadaru:

Oess (Al) = Oess (AQ),

Heobxo0umo u docmamouno, umobvl CYu,ecmaosasu
komnaxmuoiti onepamop K u ynumapred 34, makue,
Ymo

A =UrA U+ K. (2)

3ameuanue |. [lepeoHauanbHO 3TO yTBepXKie-
Hue OblI0 ycTaHoBjieHO Beisiem [3] B oaHy CTOpPOHY
M COCTOSIIO B TOM, YTO JBa ONepaTopa, PasHOCTb
KOTOPBIX $IBJISIETCS] KOMMAKTHBIM ONEepaTopoM, HMEKT
ONIMH W TOT »Ke cyulecTBeHHbIH cnekTp. Cam Beiib,
BnpoueM, B 1909 r. He Mor cocnaTbcs Ha Teopemy
Pucca u cdopmynnupoBasn 3TOT pe3yabTaT B TepMHUHaX
CTIeKTPaJibHOM Teopuu OuiauHelHBIX Qopm. [Ipu Hamem
onpefie/leHHH CMeKTPa YKa3aHHOe YTBepKIeHHe JI0Ka-
3bIBaeTCsl BecbMa npocto. M3 ToxpecTsa

R(A1,A) — R(U A8, N) =
= —AR(A;, ) (A — U A8)R (" Ao, N)
TYT JKe MMeeM
R(A1,A) [E+ AKR(U Ao, N)] = R(U* AL, X)) (3)
[TockoabKy npu Bcex A & 0ess(Ag) oneparop
A(N) = AKR (U AgsL, N)

SIBJIIETCSl KOMIIAKTHBIM OIEpPaToOpoOM, HMEIOLUIMM pasBe
TOJIBKO TOJIIOCA, TO B CHJIY MepOMOP(HOH Teopembl
®penrosbMa oneparop

[E + AKR(L* Aoh, N)] ™!

TOXKEe MMeeT TOJIbKO MoJjiioca U B cuay (3) pesosibBeHTa
R(A;,\) MOXeT UMeTb TOXKe TOJIbKO I0J0Ca, T.e.

C"ess(Al) c Uess(AQ)-

Mesnss ponsmu A; u Ay, BUIUM, YTO B 3TOM COOTHO-
IIEHWH BO3MOXHO TOJIbKO PaBEHCTBO.

O6pateHue 6b110 ycraHoBiaeHo k. ¢on Heiima-
Hom [4] B 1939 r., 3atem B Hauase 1970-x rr. Xaamorn
(P.R. Halmos) BHOBb mpuBIeK BHHMaHHE K 3TOH
TeopeMe U TPeIJOXKHJ [epeHecTH ee Ha HOPMalib-
Hble OMepaTopbl, UTO M OBIJIO CAEJAaHO OIHOBPEMEHHO
HeCKOJIbKUMH aBTopamu [D].

Hcnoab3ysi MoHATHE KO-TyYKa THJIbOEPTOBBIX MPO-
CTPaHCTB U 000011eHHe TeopeMbl Pennuxa—Ppuapux-
ca, naHHoe B paGoTe [6], MOXKHO J[OKas3aTb Jaxe
6osee obliee yTBepkKIeHHE, W3 KOTOPOTO 0600iieHHe
TeopeMbl J[JKOHCA MOJIydaeTcsi TeM ke MPHEMOM, KO-
TOPBIM MCMOJb3yeTCcs MPH yKa3aHHOM J0Ka3aTesbCTBe
Teopembl Belinsg—don Hefimana.

Teopewma 3. Ilycmo X u Xo — npousgorvrbie
monoaoeuueckue nPOCMpPancmea, Ha Komopolx 3aoa-
HbL cenapabenvHole KO-nyuku $1 u Ho u 0sa oepa-
Huuennolx onepamopa Ay u Ag coomsemcmeenHo.
[lycmo, Oanee, 8 X; umeemcs omkpoimoe MHONuCE-
cmso U;, makoe, umo

1) onepamopor A; komnakmwuor Ha 00NOAHEHUs
Zi=X; - U;

2) cywecmsyem yHumapHolli onepamop

Ui: H1(U1) = H2(Ly),
nepesooauuii cymcenue Ay 8 Ag:
(w, Ui Aoil1v) = (w,A1v) Vv, @€ H (V).

Toeda cywecmsyem ynumapuolii onepamop U, omo6-
pascaroujuii $H1(X1) Ha $H9(Xy), makod, umo

K= Al - Ll*AQLL

— Komnaxkmubili onepamop 8 $H1(X1) u K9H,(Uy) =0.

3/ech KO-My4OK Ha3biBaeTCst cernapabesibHbIM, eCJiu
H(X) cenapabesbno. OTMeTHM, 4TO B cenapabebHOM
ko-nyuke Bce $(U) cenapabesnbnbl. B camom nere,
ecin $H(X) cenapabesibHO, TO B HEM MMEETCsI CUETHOE
MJIOTHOE MHOXKeCTBO ‘U, ero npoekius Ha $H(U) nacrt
cueTHoe TI0THOe MHOXKecTBO B $(U), a mostomy u 310
MPOCTPAHCTBO cenapabesbHo [7].

HokazatenbcTBO. Tak Kak paccMaTpuBaeMble
KO-TIy4dKH cenapabesibHbl, TO THAbOEPTOBBI NPOCTPAH-
cTBa $);(Z;) BIOXKeHB B cenapabesibHble TIPOCTPAHCTBA
H(X;), moatoMy oHM camu cenapabesibHbl, a CTaJo
ObiTb, W H30MOP(MHBI, T.€. CYIUIECTBYeT YHUTAPHBIN
onepatop iy, oTobpaxkawmuit H;(Z;) Ha $H9(Zs). Ho
TOTA B CHJIY

DiX)=9:.U)®$Hi(Z) (i=1,2)

M YCJIOBHs 2) TeOpeMbl CyLIeCTBYeT YHHUTapHbIH ore-
patop il, Cy:KeHHUSIMH KOTOPOTO Ha MpsIMble Cjaraemble
OynyT Kak pa3 i u L.

[lo moctpoenuto K — orpaHnyeHHBIH OmepaTtop 3
£(91(X1)), u K Tomy ke

K* = A% — (" Ap8t)* = A% — g AL,
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[Tycts v, € $1(X]) — npousBosbHas caabo cxomsIas-
Csl K HYJIIO M0CJeI0BaTeNbHOCTb

(w,v,) — 0 YweH(X).

Hcnonbsys pasnoxenve $H1(X;) = 9,(U;) @ H1(Z,),
NPEJICTABHM €€ 3/IEMEHThl B BHJE
=040, U, €NIZ), U €N
[Tokaxxem, 4uTO
v, = 0= Kv, — 0. (4)

B camom nesie, mpou3BoJbHBIH 3/71eMeHT @ € §)1(X])
TOXKe MOXKHO TMPEJCTABUTb B BHJE

w' € 9H1(Z1), w"enl),
nostomy B cuny $H1(U;) L $H1(Z;) BepHo

w=w0"+w",

(w,v) = (@', v,) = (@', v,) =2 0,

T.e. v, — 0. BcrnoMHMB, 4TO TO YCJOBHIO TeOpPeMbl
A| KommakTeH Ha Zj, BHAMM, uTo A v, cxomuTcs
K HYJIO.

AnanorndyHo mockosbKy onepatop Ao KOMMaKTeH
Ha Zy u Yo, = Uovy € H2(Zy), To U*Aril; ToXKe
cxomurtest K Hynmo. Ho torna u Kv), cxomurest K HyJHO,
4yTO W HoKasbiBaeT (4).

Hcnonb3yst Teneps paBeHCTBO

(", Kv") = (", A10") — (U0, Agtlv”) =
= (", A410") — (0", Ath10") =0,
HMeeM
(v, Kvy) = (v),, Kv)) + 2(v)), Kv)).

[Tockonbky v, — 0 BJleYeT CHJIBHYH CXOmMUMOCTb Ku)
K HYJI0 U orpaHudeHHOCTDb ||v))]] < ||vn||, BepHO

v, =0 = (v,,Ku,)—0,
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YTo 3KBHBajJeHTHO KoMmakTHocTH K [8]. TeMm cambim
TeopeMa MOJHOCTBIO JOKa3aHa.

[Ipn wccnemoBanuu paspemumoct 3amaud Jupu-
xJie ofmiasi TeopemMa 3 T03BOJisieT CBOOOAHO ABUTATh
HUKHHE T'PAHUIbl HENPepbIBHOIO CIEeKTpa U (DakTHye-
CKH TIO3BOJISIET CBECTH HCCJIeoBaHMe 3anaun [lupuxie
B CJOXHOU obsactu K 3amade lupuxae B o6JacTH,
KOTOpasi IONyCKaeT pasaeseHue nepemeHHbix [9].

Pa6ora BeIMONMHEHA TpU (PUHAHCOBOH MO AEPKKE
PO®U (rpant 06-01-00146).
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