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HccnenoBaHbl HeIMHEHHBIE MATPUYHbIE BOJHBI BTOPOTO POIa, B 0COOEHHOCTH MPOLECCHI
¢opMupoBaHus nNUI000pPa3HbIX yAapHbIX BOJH. KOHKpeTHbBIe pacuerbl YHPYrux BOJH
NpoBeJeHbl B MOPUCTBIX 0CAJOYHBIX reonopofax, HaChINIIEHHLIX Ta30M.

M3yuum BOJIHBI BTOPOro poipa (MaTpUdHbIE BOJIHbI)
no tepmuHosoruu Ppenkens, buo u Hukxonaescko-
o [1]. Ouu umetroT GosblIIOe 3HAUeHWeE [Js HeTSIHOU
¥ ra30BOH MPOMBILIJIEHHOCTH, TaK KaK OHH BbI3bIBAIOT
nepeynakoBKY TBEPAOH MaTpHUIlbl OCaJOUHBIX Ie0Nopol,
0CcBOGOXKAas yIepKUBaeMyto B HUX HedTh u ra3. Omnpe-
NeJIEHHbIH HHTepec MpPEeACTaBJISIOT OHU U s ced-
CMOJIOTHH, W JJIsl TOA3eMHOl Tuaposoruu. HMcxonHbie
ypaBHEHHs] TEOPHHU 3aruiiem B Buue [2]
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IOH MaTpulbl TIOPUCTOH Cpenbl, w; — KojebaTesb-
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Had TIJIOTHOCTbD, Uij — ,U,eIL/'ICTBY}OHJ,I/Ie HaTipsaXKeHu,

Dy/Dit = 8/8t+u]-8/8x]- U DQ/DQt = 8/8t+w]-8/8xj —
orepaTopbl JilJiepa, ONMUChIBAOIINE YCKOPEHUS TBEPAOH
v ¢onnHoi (assl cooTBeTcTBeHHO. CHcremy (1)-(3)
3aMKHeM OOOOIIEeHHBIM 3aKOHOM [yka, MOMOJHEHHBIM
y4eTOM MepBOH CABUIOBOH 7) M BTOPOH 00beMHOH (
BSI3KOCTH MaTpHIbl nopoabl [1-4]:

2
Ulej = (K - §G> 6(5[]' + QGei,- +

8ui 8u,- 2 8uk 8uk

3nece K — Mony/b BCECTOPOHHErO CXKATHSI MAaTPHUILHI,
G — ee MonyJsib ClIBUTA.

JL7ist mpakTUYeCKUX LesieH 0CTaTOUHO H3YUUTh BOJI-
HBI, PACIPOCTPAHSIIOUIMECS BIOJb ONPEIEJEHHOTO Ha-
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B KoTopoM ¢ = (M/p,)"/? — cKopocTb BOJIHBEI BTOPOTO

pona, pg = (p1 + ps — pm)/my — celicMuueckas mJoT-
HOCTb, pm = p1(1 —mgy)+pemy — MIOTHOCTH Te0CPeH,

1 po(1 — mp)*
- AL (9)
2:0a mo
— mnapamerp HequHedHocrtu, Vi, = V/p, — kuHema-
trdyeckasi 3¢ (heKTHBHAs BS3KOCTb MaTpuilbl. M3 (9)

CJIe/lyeT, UTo MPU 3HAUeHHsX CPeNHed MOPUCTOCTH My,
D)
mg = p

paBHBIX
= |:—1 + ﬂ:| , mp>0,
p1— p2 V P2

napametp HequHelHOocTH N o6paiaercsi B HyJIb U MaT-
pUUHBIE BOJIHBI CTAHOBSATCS UHUCTO JIHHEeHHBIMH. [Ipn
mg <mg N <0, B T0 Bpems Kak an mo > my N >0.

(10)

Beemem T =wt, S =u/uy, X =wx/c, rne w —
4YacTOTa BOJIHBL U iy — CKOPOCTb CMeLIeHWH TBeprou
¢asbl B uctounuke. Torma u3 (8) nmeem
7S 9°S 9?52 oS »PS
— + MaN Da — — Bu =0.
otz ~axz TV arax T % ar T P aToxe o
3mecb Ma = ug/c — axycTHueckoe umncjao Maxa,
Da = wp/w — uwucao apcu, B KOTOPOM dYacToTa
tperns wp = p/(pato), ¥ Bu = Vyw/c? — umcao

Bioprepca, KoTOpoe MOXKHO BBIPa3uUThb uepe3 CeHcMHU-
yeckoe uucso Pedinosbaca Re. MmenHo Bu= Ma/Re,
Re = p,\ug/27V = pycug/wV, tne X — auHa BOJHBI
94acTOThl w. YHOOHO Takyke BBOAWTb 4Hca0 Pumana
Ri=MaN.

CyuiectBenHo, yto uucao Hapcu Da Bospacraer
TMpPY MOHMKEHHH YaCTOTBI w, TAK YTO UYETBEPTHIH uJieH
B ypaBHeHuu (11) mpexncraBnsier co60oi HH3KOYACTOT-
HOoe TpeHHe, OOYCJOBJEHHOE MpolleccaMd (DUIBTPALIU-
OHHBIX MEPETOKOB B TmopucToil cpene. Hao6opor, uucsao
Broprepca Bu pacrer nponopuuoHasbHO 4HacTOTe w,
¥ TISTHIH ujeH B ypaBHeHuu (11) mpencrasisier coboit
BBICOKOYACTOTHOE TPeHHe, 00yCJIOBJIeHHOe BSI3KUMH 10~
TepsiMU YTIPyrod SHepruu B TBepmoi marpuie. lBa Tu-
na TPeHHs] MOXKHO TPAKTOBATh KaK HAaJHW4Ke B MOPUCTON
cpefle MUCCHMATHBHBIX MPOIECCOB C IBYMSI PasHBIMU
BpeMeHaMH pesakcalliv 7p U 7. MM COOTBETCTBYIOT
yacToThl wp = 1/7p, wp = 1/75 = ¢%/V,. OueBunHo,
Bu = w/wp, Re = wpup/cw. dKcTpemanibHyi0 4acTOTy
TPEHUs] Wy, HA KOTOpOH 00a THHa TpPeHHs CPABHHUMH,
Jierko Haith u3 ycjoBus Da = Bu. Umeem

B Tabmnuie npenctaBieHbl pe3ysbTaThl PACUETOB UHCEJ
Da u Bu B 3aBUCHMOCTH OT IMKJIMYECKOH YACTOTHI W
JLIS IECUAHHKOB C IJIOTHOCTBIO pi = 2.62 r/cM?, Hach-
LIEHHBIX BO3LYXOM C IJIOTHOCTBIO po = 0.0012 r/cm?,
npu  BA3KoCcTH Matpunbl 7 = ¢ = 3 - 103 nyas
M TpOHMLAEMOCTH 1o rasy ko = 1.04 - 107% cm2.
Ynpyrue MOAyJIM MaTpPHLbl BbIOMPAJHCh PaBHBIMH
K=6-10"" mgua/ecm?2 u G = 3.6 - 100 pun/cm?
[3, 4], Tak uto wp = 171428.6 T'u. Ilpu nopucrocTH
mo = 0.16 umeem Takxke wp = 7.88 T, N = 0.49,
npuUueM BSI3KOCTb ra3a BbIOMpasiacbh PaBHOH BSI3KOCTH
Bosayxa u = 1.808 - 107* myas. 3nauenume wy (12)
okaszasnoce paBHBIM 3675.5 T'u. Tlpn w = wy HMeem
Bu = Da = 0.0027. W3 TaGauubl BHUIHO, UTO B IIH-
pOKOM juanazoHe 4yactor w ot 16 I'm mo 850 I

Bu«1, Da«k 1. Cnenosaresbho, ypasHenue (11)
MOKHO 3amucaTh CAEAYIOUIUM 00pa3oM:

S 2S 2S S 3S
8——8 € |R ——— 0 +D18——3187 =0,
oT? 00X 7 T oToX oT 0T 0X?

(13)
rne Ri=¢eR;, Da=¢D;, Bu=¢€¢B; u ¢ <005 —

MaJibli mapamerp.

Eciu € =0, To ypaBHeHue (13) nepexomuT B JHUHEH-
HOe BOJIHOBOE ypaBHeHHe, MMelolllee H3BECTHOe pellle-
Hue S =®(T —X) = ®{[t—(x/c)]} B BHIE BOIHBI (op-
mbl ®. [Tostomy mpu € # 0 pemenue ypaBHeHus (13)
HIIeM B BHJE

S=Z(eX, T —X)=Z(£ 1),

T. €. BBOOUM MejJieHHYI0 koopauHaty & =eX u OblCT-
poe Bpemss 7 =T — X. U3 (13) u (14) Haxomum
HeJIMHEHHOe 3BOJIOLHOHHOE ypaBHEHHE

(14)

oS 0S? 0’8
o TS R By =0 (15)
=Di/2, Ry=R/2, By=B;/2.

B uactHom ciyuae nmpu Da — 0 ypaBHenue (15)
npeBpallaeTcs B

05 o g5, S
0¢ or or?
Ao ypaBHenue Bioprepca, peleHust KOTOPOro odaaxa-

I0T XapaKTepHOU uepToH: BCe HeJMHeHHble UCKaXKeHUS
B BOJIHE MCYE3aI0T 0 Mepe ee PAClpOCTPAaHEHHUsT M3-3a

_RSZ _B,22 . (16)

—(4/3)G] TOTO, YTO JHCCHINALMs CrJIaXKHBaeT MNPOPHIb BOJH
wo = /wpwp = \/ (12) | [3, 4]. Hao6opor, B skcneprmentax [9, 6] nabaonaer-
aopa[(4/3)n+C1° csl HakoTIeHWe HeJMHeHHbIX 3Q(eKTOB U BO3pacTaHUe
w, [ 1 10 16 100 500 1000 3675.5 10*
Bu 6-10-7 6-10-5 9.106 6105 3.107* 6-100* | 2.107% | 6-1073
Da 7.88 0.78 0.49 0.08 0.016 0.008 |2-107% | 8.10~*
w, T 5-10* 10° 5-10° 8.5-10% 5-10°
Bu 0.029 0.058 0.29 0.496 2.92
Da 1.6-107* | 7.88.1075 | 1.58-107° | 9.27-1076 | 1.58-10
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MCKaXXKeHUH (OpPMBI BOJIHBI M0 Mepe ee pacrpocTpa-
HeHHsI. DTO O3HAYaeT, YTO Ha OOBIYHBIX AJsT CekcMo-
pasBelKH 4acCTOTaX BBICOKOUACTOTHOE TPeHHe Hecylle-
CTBEHHO, U MBI NIPUXOAMM K HEOOXOOUMOCTH HCCJeN0-
BaTh CMpaBeAJNBOe MPH HHU3KHUX YacTOTaX ypaBHEHHe

oS oS
— +DyS—R;S—=0.
o 2 >or
Ecin ncrounuk B Touke x =0 M3/yuaeT rapMoHH-
gyeckylo BosiHy S =sinT ¢ aMnjuTymo# uy U 4acTo-
TOH w, TO pelleHue ypaBHeHus (17) ecTb

(17)

= _g[l — exp(—Dq)|S exp(Do€) +
>

+ arcsin[S exp(Dq€)].  (18)

Popmyny (18) ymobHO aHaM3MpoOBaTh TrpaduuecKn
B koopnuHatax 7 H Sexp(Dof), rme oHa Tmpencras-
JsieTCsT B BUIE CYMMbl CHHYCOWJABl M TIPSIMOH C yT-
JIOM HaKJOHa K OCH OpAHHAT 1), ONpejessieMOi U3
tgh = Ri[1 — exp(=Do&)]/Ds.

[Tpu £ =0 tgy =0, T.e. BosHA sIBASIETCS TapMo-
Hudyeckoil. C poctom paccrosiHusi £ BeJqu4yuHa tg e
yBeJMUMBaeTCss, a (opMa BOJHBI HCKaXKaeTcs: Tepes-
HUH (DPOHT CTaHOBUTCS Kpyde, a 3agHUil — OoJsee
nosoruM. [lpu € = oo tg1) cTpeMUTCS K IOCTOSTHHOMY
3HaueHuo tg 1o = R1/Dy = 2Ri/Da =2MaNw/wp.
Ecnu BenwunHa tg) MaJsa mo CpaBHEHHIO C eMHHUIEH,
TO BJMSHWE HEJUHEHHOCTH Majo © (hopMa BOJHBI
6au3ka K cuHycoune. Orubarouas aMmIuTyn yIpyrux
BOJIH B MaTpHLe crajgaer 1no 3akoHy exp(—Dqf) ¢ Ko-
3 PUIHEHTOM TONIOLUEeHUsT @ = wp/2¢ = 1/ (paapC) .

C pocroMm HesquHeiHocTH Ri BeqmuuuHa tg 1., pac-
TeT, (DPOHT BOJHBI YKPYYHMBAeTCs, U MPH tQ 1y > |
B reocpesie 06pasyioTcst MHI000pasHble yIapHBEIE BOJI-
HBl. YcaoBue tgep,, =1 unn Da = 2Ri onpepensier
TMIOPOTOBYIO AMIIJIUTYAY 00PA30BaAHHS YIAPHBIX BOJH

wD)\ _ wpC
47N 2Nw’

Takum o6pasom, Ajsi TOro 4TOOBI B MOPUCTOU Teocpene
CMOTJIM BO3HHKHYTb YAapHble MHI000pa3Hble BOJIHH,
HEOOXOIUMO, YTOOBI YUCJIO a = uo/ug OBbLJI0O HE MeHb-
me enuHunel, a> 1. Ecim xe a <1, To ymapHbe
nuJI000pas3Hble BOJIHBI He o6pasytorces. Ha puc. 1
npuBeneHsl (opmbl BosHbl pu a < 1 (a) u a > 1 (6),
HJLTIOCTPUPYIOILIHE TIpoliece (POPMHUPOBAHUS MTHI000pa3-
HBIX BOJIH B TOPUCTOH reocpeie ¢ (UIbTPALHOHHBIM
TpenueM. Hanpumep, ans 3Hauenuit wp = 7.88 I,
¢ =73753 m/c, N =049, w=30 klu mnomyuum
uy = 0.197 wm/c. Tlpu amnuTye BOJHB B MCTOYHHKE
up = 0.1 m/c umeem a =0.57 < 1 u ynapHble BOJHbI
He obpasytorcs. OnHako y»xe Ha yactore w = 60 kI,
uy = 0.0983 m/c, a=1.02> 1, T.e. ycnoue o6paso-
BAHWS YyIAPHBIX BOJIH BBIMOJTHSIETCS.

Paccrosinve x., Ha KOTOPOM MPOUCXOTHUT hop-
MHUpOBaHME YyIAapHBIX BOJIH, HAXOAUM W3 YypaBHEHHS

uy = (19)

S
a
X
S
0
Xe
X
Puc. 1. 3atyxaHWe MaTpPUYHBIX BOJH B MOPHUCTOH

cpenme. [lpn a <1 (a) muaooGpasHbie BOJIHHI He 006-
pasytorest. [Ipu a > 1 (6) Ha pacctosiHuu X = X, mpo-
HUCXOOUT 06pa3oBaHKe MUJI00OPA3HBIX YIAPHBIX BOJIH

Ri[1 —exp(—=Ds€)]/Dy = 1. Ono naet

xC=E1n< ¢ >=2’0a0k0(1—m0)1n<—a )
wp a—1 b a—1
(20)

[py wp = 7.88 Tu, ¢ =73753 m/c u a=1.02
no ¢opmyne (20) waxomum x. = 767.1 m. Ha stom
paccTossHUM yKJaneiBaetcss 9932 BosHBI ¢ AJHHOU
A=7.7 cvm u yvacrorol w = 60 k[1u. Kpome Ttoro,
npu wp =7.88 T'u, ¢ =737.53 m/c u3 dopmynsl (20)
nonyuum o = 0.0053 m~'. DkcnepumenTanbHble NaH-
Hble [7] marT OJs BOJIH TMEPBOTO POAa B HACHIIIEH-
HBIX BOJIOH Meckax 3HaueHHe, paBHOE TPUOIH3UTENbHO
0.02 m~!. Cnenosate/ibHO, TOIVIOWIEHHE MaTPHUHBIX
BOJIH BTOPOTO poOJa B MOPUCTBIX Cpelax, HACBIIIEHHBIX
razom, MPUOIU3UTENBHO B JBa pa3a MeHbIle, 4eM
BOJIH M€PBOTO POJia B MOPUCTBIX CPelax, HACBIIIEHHBIX
KUIKOCTbIO, UTO COBMajaeT C pacyeTaMHd 10 JIHHEH-
Hoii teopun [1]. [lomuepkHeM, 4TO, B OT/IHUHE OT
orudaroues BOJIHBI, MOIJIOLIEHHE CAMHUX HeJHWHEHHBIX
BOJIH He SIBJISIETCSI 9KCIIOHEHIMAJbHBIM M He MOXKeT
ObITH OTMKMCAHO C TOMOIIBIO KOHIEMIHH KO3(PPHUIIHEHTA
TMOTVIOIIEHHST . DTO CBSI3aHO C TeM, YTO C POCTOM
AMTJIUTYBl CHUTHAJa HCTOYHWKA BO3HUKAIOT BBICIIHE
rapMOHUKH, 3abHparoline 4acTb SHEPrHH Y OCHOBHON
BOJIHBL. [apMOHHKM MOTJIOLIAIOTCS CPEIoN CUIIbHEE, YeM
MCXOIHBIH CHTHAJ, MOCKOJbKY HMEIT 060Jiee BBICOKYIO
gacToTy. B 3Tol cBSiI3u HEOOXOMHMMO HEeTaNbHO H3YUHTh
npollecc BOSHHKHOBEHHST HEJIMHEHHBIX TapMOHUK.

s 3TOrO TPEATONOKHM, UTO HCTOUHHK (Hampu-
Mep, CeHCMHUYEeCKHEl BHOpPAaTOp) M3JydyaeT rapMOHHYe-
ckylo BosHy S = cosT, u 3anuiiem pererue (17)
B BUJIE

S = exp(—Dy€) cos {T+ g—;S[l — exp(Dgg)]} . (21
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Puc. 2. Pacuer criekTpa MaTPUUHBIX BOJIH O (hopmyiie

(22) mpu ycmoBuu a <1, Da=0,1 Ha pasnaudHbx

paccTossHHSX X OT HcTouHHKa. [lopor a=1 He
TMPeBBIIEH W yIapHble BOJHBI He 00pasyloTcs

CriekTpa/ibHOE pasJioKeHWe 3TOr0 pelleHust ecThb
S = exp(—Dy€) x

X {Z [5on(¥) = Jont2(V)] cos[(2n + 1) T+ mn] +
n=0

+3 et 0) + o ()] cos 27 (7 w]}s

n=1

= A;(&) cos T+A(€) cos (27+g) +Aszcos(3T+m)+...,
(22)

rie OykBod J o6GosHaueHa @yHkuus DBeccess
U v=Ri[1—exp(—Dx£)]/Dy. KoHKpeTHBIE pacyeThl M0
(dopmyse (22) npoenensl Hamu aqs caydas Da =0.1,
tTak uto w = lOwp. Pacyersl mpoBemeHbl nsi IBYX
ypoBHeil BXopHOro curHamia (puc. 2 u 3). B mepBom
cnydae (puc. 2) a <1 u ynapHble BOJHBI He ofpa-
3ytoTcsi. MakcUMyM aMIJIMTYAbl [EepPBOH TapMOHHMKH
pocturaetcss npu x = 1.5\, a TpeTbell rapMOHHKH —
npu x = 3.5\. Bo BTopom ciyuae (puc. 3) ammiuryna
BxogHoro cursana u® Bhille TOPOrOBOTO 3HAYEHMS,
a > 1 u Ha paccrosiHuu x = 1.276\ o6pasyiorcs ynap-
Hble MMUJI000pPa3Hble BOJIHBI.

B 3akmoueHue paccMoTpUM oObIlee 3BOJIOLHOH-
Hoe ypaBHeHnue (15). BBemem HOBYWO TMepeMeHHYO
2 =2Ro& = Ri£ v 3anumieM (15) B BUzE

oS oS %S

82+®S S(?T F@TQ 0, (23)
rie © =Dy/2Ry =Da/2Ri, I'=By/2Ry =Bu/2Ri —
Oe3pa3mepHble KpuTepuu. [IpyMeHHM K YpaBHEHHIO
(23) w3BeCTHyW B TeOpPHH HeJHHEHHBIX BOJH 3a-
meny Koyna-Xonda [8], koropyio mnposeiem B J1Ba
npuema. CHauasna BBeleM (YHKIHIO ), CBSI3aHHYIO

A
1.0

= .
30Ha yrapHOH
BOJIHBI

051

0 0.5 1.0 1.5 2.0

2.5 x/n

Puc. 3. Pacuer criekTpa MaTPUUHBIX BOJIH O (hopmyiie

(22) mpu ycmoBuu a > 1, Da=0.1 Ha pasnuuHbX

paccrostHUSIX x OT MctouHuka. [lopor a =1 mpeBh-

IIeH, ¥ yIoapHble MHI000pa3Hble BOJIHBI CHOPMHUPOBA-
JIUCb HAa PACCTOSIHUU X, = 1.276\

c 06e3pa3MepHOM CKOpPOCThbIO medopmainuil (hopmynon
S = 0Y/0r. 3arem BBeseM (QYHKIHIO @, CBSI3aHHYIO
¢ 1) pasenctBom ¢ = 2I'lnp. Torma Bmecto (23)
nonyuum Op/0z = ['0?p/0r> — Oplnp. dto ypas-
HeHHWe TeIJIONPOBOMHOCTH ¢ KodhduuneHtoM nuddy-
sun ' ¥ HCTOYHHKOM 3Hepruu ¢ lng, 3aBUCSIIUM
ot temnepatypbl . OHO omucChIBaeT aBTOBOJIHBI [9],
nmetonre ckopoctb nopsigka (I'/0)Y2 = (Bu/Da)'/2.
BpeMsi cyliecTBOBaHHSI aBTOBOJIH HMeeT MOPSIOK
1/© =2Ri/Da.
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